
Chapter  2 

Prel iminaries  

In this chapter we collect some of the basic facts from algebra, topology, functional analysis 
and the theory of topological groups. This chapter cannot replace full courses in these 
topics and it is not expected that a reader unfamiliar with these fields can master them 
on first reading. We include this short summary to make these notes more or less self 
contained and to give the reader a feeling for the problems investigated in these branches 
of mathematics. In this chapter we will also introduce some basic notations and some 
important  results for easier reference. On first reading the reader may browse through 
this chapter and come back to it later when reading the following chapters. For a more 
detailed treatment of these topics it is necessary to consult the standard literature. 

2.1 Topology  and Functional  Analysis  

We introduce first some basic notations and generalize then the concept of a neighborhood 
of a point by introducing topological spaces. Such a space is a set together with a system 
of subsets of the original set. The subsets in this system satisfy certain conditions that 
characterize open subsets in the usual meaning. We call the subsets in this system open 
subsets. We will not develop topology in any detail but we will only introduce the concepts 
of compact and locally compact sets and continuous mappings between topological spaces. 

Then we give a short overview of Lebesgue integration that  will be used later when we 
introduce invariant integration over groups. Finally we introduce some basic definitions 
from functional analysis, especially Hilbert spaces and operators between them. 

This section collects only the most important  definitions and some results from these 
areas and the interested reader may wish to consult the standard literature for further 
information. 

2 . 1 . 1  S o m e  N o t a t i o n s  

By O we denote the empty set, by {x, y, z} the set with the elements x, y and z and by 
{xlc(x)} the set of all elements which satisfy the condition c(x). 

The notation f : A ~ B; a H b = f(a) describes the function f that maps the set A 
into the set B. f maps the element a e A into the element b = f(a). If X C B then we 
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denote by f - l ( X )  the set 

f - l ( X )  = {a E AIf(a) E X }  (2.1) 

By f (A)  or im( f )  we denote the set of all elements in A that  are mapped into X under 

f :  
f (A)  = {b E Bib = f(a) for some a E A}. (2.2) 

We call im( f )  the image of A under f .  If f : A --* B and g : B --* C then we denote by 
g o f the composition of f and g defined as: 

g o f :  A --* C; a ~ g(f(a)). (2.3) 

A map is called injective if f(a) = f(b) implies a = b. An injective function maps different 
elements in A to different elements in B. A map is called surjective if for all b E B there 
is an element a E A such that  f(a) = b, or ira(f) = B. A map is called bijective if it is 
injective and surjective. 

If Eo is a collection of sets, where a runs over some index set A, then we define by 
U(~ea} E~ the union of all the sets E~ and by D(~ea) E~ their intersection. If A and B 
are two sets then we define their product A x B as the set {(a, b)la E A, b E B}. The 
Kronecker symbol 6ij is defined as the function which has the value 1 if i = j and 0 if i # 
j. 

Finally we recall the notation of an equivalence relation. Assume A is a set. Then we 
say that  the subset X of A x A defines a equivalence relation if the following conditions 
are satisfied: 

• (a ,a)  E X f o r a l l a E A  

• If (a, b) E X and (b, c) E X then (a, c) E X 

• If (a, b) E X then (b, a) E X 

If X defines an equivalence relation and (a, b) E X then we write a = b. The set E(a) = 
{b E Ala = b} is called an equivalence class and it is easy to show that  an equivalence 
relation partitions A in the sense that Uaea E(a) = A and E(a)n  E(b) = E(a) or 
E(a) n E(b) = 0. 

2.1.2 Topological Spaces 
In the first definition we generalize the concept of open sets for arbitrary spaces. 

De f in i t i on  2.1 1. A set X together with a family H = {U} of subsets U C X is 
called a topological space if it satisfies the following conditions: 

• 0 E L /  a n d X E b / .  

• The union of any family of sets in L/ belongs to /4  . 

• The intersection of any finite number of sets in H belongs to b / .  

2. The elements of H are called the open sets of the topological space X.  
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3. The  family b/ is called the topology of X.  

4. A set l~ = {V} of elements V E / /  is called a basis for the topology gt 
element U E g/ is the union of certain elements V E l ,~ • 

if every 

We note that  a topological space consists of two elements, the set X and the topology 
U . A topological space should therefore be denoted by the pair (X , L / ) ,  we will however 
mainly speak of the topological space X assuming that  the topology is clear from the 
context. We have to denote the topology explicitly if we consider two different topologies 
on the same set X.  

E x a m p l e s  g.1 1. T a k e a s X  = R the set of reaI numbers. If we take the open intervats 
as the basis of the topology then we get the usuM topology on R.  

2. Take any set X and define 5/ = {0, X}.  This is the coarsest topology on X. 

3. Take any set X and define/g as the set of all subsets of X. This is the finest 
topology on X.  It is called the discrete topology. 

With the help of a topology it is possible to generalize the concept of a neighborhood 
of a point: 

D e f i n i t i o n  2.2 If x E X is a point in X ,  then we call any open set U E U containing x 
a neighborhood of the point x. Neighborhoods of x E X will often be denoted by U(x). 

With this definition we find easily the familiar characterization of an open set: 

T h e o r e m  2.1 A subset M C X is open if and only if every point x E M has a neigh- 
borhood U(x) such that  U(x) C M. 

Note that  the last s ta tement  is a theorem and not the definition of an open set. One 
construction which will be frequently used in the following is the definition of a topology 
on a subset Y C X. We define: 

D e f i n i t i o n  2.3 Assume ( X , U )  is a topological space and Y C X.  Then we define a 
topology U ' on Y by using the intersections Y ('1 U as open sets on Y : 

u '=  {rfivlv u } 

Closed sets are as usual defined as the complements of the open sets: 

D e f i n i t i o n  2.4 1. A subset C C X is called a closed subset if the complement X - C 
is open, i.e. X - 6' C L/. 

2. The intersection of all closed subsets containing M C X is called the closure of M. 
It  is denoted by M. 

3. An element in M is called a limit point of M. 

The definition of a compact  set is motivated by the well-known Heine-Borel theorem: 

D e f i n i t i o n  2.5 1. A family {O} of subsets of X is called a cover if the union is equal 
to X : X = U O. If all sets O are open then we call it an open cover. 
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2. A topological space X is called compact if every open cover {O} of X contains a 
finite cover {O1, ..., O , } .  

3. A subset Y C X is called compact if it is compact when regarded as a subspace of 
X. 

4. A space X is called locally compact if every point x E X has a neighborhood whose 
closure is compact. 

5. Assume zl ,  . . . ,x , ,  ... is a sequence of elements in X.  The point z E X is called a 
limit of the sequence if for every neighborhood U(x) of x, there is a positive integer 
no such that  all elements x,0, z,0+l, . . ,  of the sequence belong to U(x). We write 
x = lirn~_~ z~. 

As a last type of topological spaces we introduce separated or Hausdorff spaces since we 
will always assume that  the topological spaces are separated. 

Definition 2.6 A topological space X is called separated or a Hausdorff space if every 
two points xl,  x2 E X can be separated by disjoint neighborhoods. For every two points 
xl ~ x2 we can thus find two neighborhoods V(xl), U(x2) such that  U(xl)N U(x2) = 0. 

Finally we will now define continuous mappings between arbitrary topological spaces: 

Definition 2.7 Assume X and Y are two topological spaces and 
f : X --* Y is a mapping. 

1. Assume Zo is a point in X and y0 = f(x0),  f is called continuous at the point 
Zo E X if the inverse image f-l(V(yo)) of every neighborhood V(yo) contains some 
neighborhood U(xo) of Xo: U(xo) C f-l(V(yo)). 

2. f is called continuous if f is continuous on every point in X. 

3. f is called a homeomorphism if: 

• f is bijective and if 

• f and f -1  are continuous 

For continuous mappings we find the following characterization: 

Theorem 2.2 

. 

. 

1. If ( X , U )  and (Y,I,') are topological spaces and f is a function f : 
X ~ Y, then f is continuous if and only if the inverse image of every open set in 
Y is open in X: f - x (V)  E b/ for all V E ]). 

If f is a function f : X --~ Y, then f is continuous if and only if the inverse image 
of every closed set in Y is closed in X. 

Under a homeomorphism open sets are mapped onto open sets and closed sets are 
mapped onto closed sets. 
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2 . 1 . 3  L e b e s g u e  I n t e g r a l s  

We summarize first some basic facts about Lebesgue integration since the existence of a 
special (group-invariant) integral is an essential result needed in the study of so-called 
locally-compact groups (see section 2.3.3). For a detailed treatment of measure and 
integration theory the reader may consult the literature (for example [17]). 

D e f i n i t i o n  2.8 1. Assume S ~ is the set of all bounded intervals in R '~. Then  we say 
tha t  a function ¢ is an intewal function if ¢ : S '~ ~ R.  

2. An interval function ¢ is: 

• monotone if for all 11,12 E S ~ with 11 C 12 : ¢(11) _< ¢(12). 

• additive if for all I1,I2, I E S '~ with I INI2  = 0 and 
11UI2 = I :  ¢ ( I )  = ¢(/1) + ¢(•2) 

• regular if for all e > 0 and all I E Sn there is an open interval I* D I such tha t  
¢ ( I )  _< ¢(I*)  < ¢ ( I )  + e. 

3. A measure # is a monotone ,  addit ive and regular interval function. 

A typical  interval function is the length (or the volume) of an interval: ¢ ( I )  = ¢([a, b]) = 
b - a .  

We use a measure on R n to define the integral over those simple functions tha t  are 
constant  on intervals and have non-zero value only on a finite number  of intervals: 

D e f i n i t i o n  2.9 Assume I1, ..., I~ is a finite number  of intervals in R ~ and # is a measure. 
Assume further  tha t  f : R n -+ R is a function that  is constant  on Ij  where it has the 
value cj = f ( I j ) .  Assume further  that  it is zero outside these intervals. Then  we define 
the Lebesgue integral as f f d# = f i t .  f d# = ~i~=1 cj#(Ij) .  

With  the help of a limit operat ion this integral is then extended to a larger class of 
functions:  

First  we define C I ( R  ~, #) as the set of functions for which there is a monotonical ly  
increasing sequence of interval functions f,~ such tha t  f = limf,~ and f fn d# < A for 
a constant  A and all indices n. For the functions f E C I ( R n , # )  we define f f  d# = 
l i m f f n  d#. Then  we define C2(R~,#)  -- {f~ - f 2 l f i  E C~(R~,#)}  and set f f  d# = 
f f l  d# - f  f2 d# for all f E 

D e f i n i t i o n  2.10 A function f is called integrable if it is an element of C2(R '~, #) : f E 
C2(Rn, ). 

To be correct one would have to change the previous definitions in such a way that  
two functions which have different values only on a set of measure  zero are considered to 
be equal. 

One of the main reasons for introducing a new integral (which is a generalization of 
the Riemann integral) is the ability to interchange integrat ion and limit operations.  One 
example of such a proper ty  and one of the main results of the theory  is the  following 
theorem: 
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T h e o r e m  2.3 [Lebesgue] Assume fn is a series of integrable functions and f = lim f . .  
Assume further tha t  there is an integrable function g such that  If-l < g for all n. Then f 
is integrable and 

f lim A d~, = f f d~, = lim f A d#. 

Finally we introduce the concept of a measurable function: 

D e f i n i t i o n  2.11 A function f : R ~ --* R is called measurable if there is a sequence of 
interval functions f,, such tha t  the lim f ,  = f .  

Note tha t  measurable functions are not necessarily integrable since we required in the 
definition of the set C1 that  the integrals over the interval functions were bounded by 
a fixed constant.  The  definitions of measurable and integrable functions can easily be 
generalized to the case where the functions are complex valued. In this case one treats 
the function as a sum of two real functions f = fr + i .  fi and defines f f d# = f fr d# + 
i f f i d p .  

With the help of the previous definitions we can introduce the spaces L p defined as 
follows: 

D e f i n i t i o n  2.12 If p > 0 then: 

1. LV(R ~, #) = { f :  R '~ ~ R I f  is measurable andlf l  v is integrable} 

L p / R ~  = R ~ 2. c~ ,~)  { f :  --. e l f  is measurable andlf l  p is integrable} 

2.1.4 Funct iona l  A n a l y s i s  

In this section we summarize some important  concepts from functional analysis. This is 
only offered as a collection of results and not as an introduction to functional analysis. 
For such an introduction the reader is referred to the li terature (see for example [41], [19], 
[53] and [101). 

We first introduce a norm as a map  tha t  generalizes the concept of length from geom- 
etry. Then we introduce a scalar product  which is used to define the length of elements 
in a vector space and the angle between two elements in a vector space. 

D e f i n i t i o n  2.13 1. A real vector space is a set X together with two mappings + : 
X x X ~ X and • : R × X ~ X such tha t  the following conditions are satisfied for 
all x , y , z  E X and all k, kx,k2 E R :  

(a) (x + y) + z = x + (y + z) 

(b) There is a zero element 0 : x + 0 = x for all x E X. 

(c) For all x E X there is an inverse element - x  E X : x - x = 0. 

(d) x + y = y + x  

(e) (kl + k ~ ) . ~  = k l . x  + k ~ . ~  

(f) k . ( x + y ) = k . x + k . y  

(g) (kik~) • • = k i .  (k~. x) 

(h) 1 . x = x  
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2. A set X is called a complex vector space if • is a m a p p i n g  . : C x X --~ X and  if 
the  condi t ions  (5-7) in the  previous  defini t ion ho ld  for all k, kl ,  k2 E C.  

3. An  e lemen t  x of a vec tor  space X is cal led a vector. 

In th is  sec t ion we will no rma l ly  on ly  speak  of  a vec tor  space ,  u n d e r s t a n d i n g  t h a t  i t  
can  be  e i ther  a real  or  a complex  vec to r  space.  If  a resul t  or  a def ini t ion holds  on ly  for 
e i the r  real  or  complex  spaces  then  we will men t ion  i t  expl ici t ly .  Ins t ead  of  k - x we will  
also wr i te  k x  = k • x .  In t he  next  def ini t ion we in t roduce  the  no rm of  an  e l emen t  in a 

vec tor  space.  

D e f i n i t i o n  2 .14  Assume  X is a vector  space.  

1. A m a p p i n g  II II : x -~ R is cal led a norm if it  satisfies the  following condi t ions :  

• Ilxll > 0 for all x C X and Ilxll = 0 if and  only if x = O, 

• Ilkxll = Iklllxll for all cons tan t s  k and  all vectors  x 

• IIx +yl l  -< Ilxll + Ilyll for all x , 9  E X (Triangle inequality) 

2. A normed space is a vec tor  space with  a norm.  

Normed  spaces m a y  conta in  holes and we define therefore  comple te  spaces as spaces t ha t  
conta in  all l imit  points :  

D e f i n i t i o n  2 .15  1. A sequence of vectors  (x ,~ )~z  of a normed  space  X forms a 
Cauch9 sequence if it  satisfies the  following condi t ion:  For  all  e > 0 the re  is an  

index no such t h a t  for all  n, m > n 0 :  IIx~ - Xm ti < ~. 

2. A normed  space  X is called complete or a Banach space if every  Cauchy  sequence 

(x,~),~ez converges  to  an d e m e n t  x E X.  

T h e  norm llxn --xmll measures  the  d i s tance  be tween  the  e lements  xn and  xm and  a Cauchy  
sequence is thus  a sequence whose e lements  lie even tua l ly  a r b i t r a r y  near  each o ther .  One 

i m p o r t a n t  class of Banach  spaces  is t ha t  of L v spaces:  

T h e o r e m  2.4 [Riesz-Fischer] Define on LP(R  ~, #):  Ilfll = ( f  Ifl  p @)1/~. This  defines a 
n o r m  and  the  spaces LP(R  n, #) are comple te  for all  p > 1. 

A special  t y p e  of vec tor  spaces are  the  vec tor  spaces  t ha t  possess a scalar  p roduc t .  In 

these  spaces we can measure  the  length  of vectors  and  angles be tween  vectors:  

D e f i n i t i o n  2 .16  Assume  X is a complex vec tor  space.  A scalarproduet  ( , ) is a m a p p i n g  
on X x X which satisfies the  following condi t ions  for all x, y, z E X and  all  c C C:  

• ( , ) : X x X - ~ C  

• (~ + y, z) = (~, z) + (y, ~) 

• (cx, ~) = ~ (~, y) 

• (x, ~) = (y, x) 

• (x ,x )  >_ 0 and  (x, x) = 0 if and  only if x = 0 
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(~ is the conjugate complex of z.). 

If X is a real vector space then we define a scalar product as a mapping ( , )  : X x X 
R with the properties given in definition 2.16. Note that  we have (x, y) = (y,x).  

Examples are the space L2(R ",/ t)  with the scalar product defined as: 

(f,  g) = / f g dg. 

L 2 CR n and the complex vector space c t  ,/~] with: 

g) = f f ~  d#. (f, 

On the n-dimensional real and complex spaces R n and C '~ we define as usual (x, y) = x'y 
and (x, y) = x'F where x'  is the transposed vector x and x'y is the inner product of the 
two vectors x and y. 

In the spaces R '~ with the common scalar product it is well known that the scalar 
product of two vectors is proportional to the cosine of the angle between the vectors. We 
define therefore in the general case: 

D e f i n i t i o n  2.17 Assume X is a vector space with a scalar product. Then we define: 

1. Two elements x,y  • X are said to be ovthogonal if (x,y) = O. 

2. Two subsets M1,M2 C X are said to be orthogonalif (x,y) = 0 for all x • M1 and 
all y • M2. 

3. Given that  M C X is an arbitrary subset of X we define the ovthogonal complement 
M "  as: 

M ± = {y • X ] ( z , y )  = 0 for all x • M} 

4. A subset {xi} is called orthonovmalif {xl, xj) = 5ij for all i,j.  

For vector spaces with scalar products one gets the following two theorems: 

T h e o r e m  2.5 [Cauchy-Schwarz-Inequality] Assume X is a vector space with scalar prod- 
uct ( , ) ,  then I (x ,y) l  2 < (x,~)(y,y) for all z ,y  E X. 

T h e o r e m  2.6 Assume X is a vector space with scalar product then llxll = V/Ix, x) defines 
a norm on X. 

Since a vector space with a scalar product  is also a normed space it is meaningful to 
consider those spaces that  are complete in this norm: 

De f in i t i on  2.18 Assume H is a vector space with scalar product ( , )  and ]Ix[[ is the 
norm defined in theorem 2.6. Then we say that  H is a Hilbert space if H is complete in 
this norm. 

For our purposes the most important  examples of Hilbert spaces are the L2(R n, #) spaces. 
The elements in Hilbert spaces can be decomposed into a series of basis elements which 

makes the structure of these Hilbert spaces especially simple. We define: 
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D e f i n i t i o n  2.19 Assume H is a Hilbert space. 

1. The  orthonormal subset {xl} is complete or maximal if the following condition holds: 
Assume {Yl} is another orthonormal subset of H that  contains all vectors xl. Then 
the two orthonormal systems {xi} and {yl} are equal as sets. 

2. A complete orthonormal subset of H is called a basis of H.  

For orthonormal subsets of a Hilbert space we have the following inequality: 

T h e o r e m  2.7 [Bessel Inequality] Assume {xl} is an orthonormal subset of a Hilbert 
space H. Then we have the following inequality: 

(x,x~) ~ _< [[x[[ 2 

for all x E H. 

In the following theorem we collect some conditions which describe the structure of a 
Hilbert space completely: 

T h e o r e m  2.8 Assume H is a Hilbert space and {xi} is an orthonorrnal subset of H. 
Then the following statements are equivalent: 

* {xi} is complete 

. I f ( x ,  xl) = 0 f o r a l l x i t h e n x = 0  

. For all x E H we have the Fourier decomposition: x -- ~ (x, xi} xi 

. For all x, y E H we have: (x, y) = E (x, xi) (y ,x i ) .  

• For all x E H we have the Parseval equality: ltxll = = E I(x, xd l : .  

As in the case of finite-dimensional vector spaces we find therefore that  the Hilbert space 
is the set of all linear combinations of a basis. 

We conclude this section on functional analysis with some basic facts about  linear 
functions on Hilbert spaces: 

T h e o r e m  2.9 Assume X, Y are two normed spaces and T : X --* Y is a linear operator.  
Then the we have: 

1. The following three conditions are equivalent: 

• T is continuous 

• T is continuous at 0 

• T is continuous at every point x E X. 

2. T is continuous if and only if there is a constant A _> 0 such that  IIT(x)l[ _< AIIx]l 
for all x E X.  

T h e o r e m  2.10 Assume A : H1 ~ H2 is a continuous, linear function and HI,  H2 are 
Hilbert spaces. Then there is exactly one continuous, linear function A* : H2 --* H1 such 
that  (Ax, y} ,= (x, A'y)  for all x E H1, y E tt2. 
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Def in i t i on  2.20 1. The operator A* constructed in theorem 2.10 is called the adjoint 
operator. 

2. A : H --* H is called a hermitian operator if A = A*, i. e. (Ax, y) = (x, Ay) for all 
x,y. 

3. If A is a hermitian operator, then we have (Ax,x) E R. A is a positive operator if 
(Ax, x) > 0 for all x E H. 

2 .1 .5  E x e r c i s e s  

E x e r c i s e  2.1 Define H as the set of the complex 2 x 2 matrices of the form 

This defines the quaternion algebra H.  Show that: 

1. H is a two-dimensional complex vector space with basis 

E ~ = ( ~ 0  ~ ) ' J - - ( O 1  ~0)" 

2. H is a four-dimensional real vector space with basis: 

1 (10 0),= (o 
Quaternions are further investigated in the exercises of the next chapter. 

E x e r c i s e  2.2 Show that  all finite subsets of a Hausdorff space are closed. 

E x e r c i s e  2.3 Define a neighborhood basis as follows: A system of neighborhoods l/Y = 
{W} is called a neighborhood basis if every neighborhood U(x) contains a W E }'Y : W C 
v(x). 

Prove the following statement: 
Given a set 141 of subsets of V C X that satisfies the following conditions: 

* 0 E W  

• The intersection of any finite number of sets from 141 is the union of sets from 141. 

• The union of all sets V E 141 is X.  

then 142 is the neighborhood basis of the topology Y obtained by taking all unions of 
elements in }IV . 

E x e r c i s e  2.4 Assume that X is a normed space. Show that  the set of all open balls 
V(x,r) = {y E X[l]x - y]] < r} where x E X and r > 0 form a neighborhood basis. 

E x e r c i s e  2.5 [Pythagoras] Assume x and y are orthogonal elements of a Hilbert space 

H. Show that ]Ix + y]]2 = i[xii2 + iiyl]2 
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E x e r c i s e  2 .6  Assume H is a complex Hilbert  space and A : H --* H is a l inear map.  
Show tha t  A is a hermit ian opera tor  if and only if (Ax, x) is real for all x E H.  (Hint:  
use tha t  if (Ax,  x) = 0 for all x E H then A = 0.) 

E x e r c i s e  2 .7  Use the  Cauchy-Schwarz inequality to show tha t  if A is hermi t ian  and A _> 
0 then we have for all x, y E H : 

I(Ax, y)l 2 <_ (Ax, x) (Ay, y) . 

E x e r c i s e  2.8 [Riesz Representat ion Theorem] Let H be a Hilbert space. For each linear 
continuous functional  f : H --* C there is a unique element  yf E H such that :  f ( x )  = 
(x, yf) for all x C H.  (Hint: Define M = {x C H I f ( x  ) = 0} and show tha t  i ± = H I M  
is one-dimensional.)  

E x e r c i s e  2.9 Assume ( , ) is the s tandard  scalar p roduc t  in a real finite dimensional 
vector space V. Assume further  tha t  f : V -+ V is a mapp ing  such tha t  f ( x )  = Rx for a 
matr ix  R and (x, x} = ( f (x) ,  f (x) )  for all x e R .  Then:  (x, y) = ( f (x) ,  f (y)) .  

A linear mapping  tha t  preserves the norm preserves also the  angles. (Hint:  Consider 
sums and differences of vectors).  

2.2 Algebraic Theory of Groups 

In this section we introduce the algebraic concept  of a group and we will s tudy  some of 
the basic, algebraic properties of groups. For a more complete t r ea tment  the reader is 
referred to any s tandard  text on algebra, for example [25]. 

2.2.1 Basic Concepts  

D e f i n i t i o n  2.21 A non-empty  set G is called a group if there is a p roduc t  

o : G × G - ~  G; (gl,g2) ~-* gl og2 

with the  following properties:  

• (gl o g:)  o g3 -- gl o (g2 o g3). We say tha t  the produc t  is associative. 

• There  is a unique element e C G such that  e o g = g o e = g for all g E G. The  
element e is called the identity element. 

• For M1 elements g E G there is a unique element g - t  such tha t  g-1 o g = g o g -1 = 
e. We call g -1 the inverse of g- 

Note tha t  a group consists of two equally impor tan t  components ,  the set G and the 
composit ion rule o. Normal ly  we speak only of the group G, implicitly assuming tha t  it 
is clear which composi t ion rule is used. We use the nota t ion  (G, o) only if we want  to 
emphasize a certain composi t ion rule. 

D e f i n i t i o n  2.22 If the product  satisfies the condit ion 

gl 0 g2-----g2 og l  

for all 91,g2 C G then we say tha t  G is a commutative group or an  abetian group. 
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In the general case we often write glg~ instead of 9a o 92 and we denote the identity by 1. 
In the commutat ive  case we write gl + g2 instead of gl o g2- In this case we denote the 
identity element by 0 and the inverse element of g by - g .  

D e f i n i t i o n  2.23 1. If G has a finite number of elements then we say that  G is a finite 
group; otherwise we say that  G is infinite. 

2. The number  of elements in the group is called the order of the group and it is 
denoted by ]G I. 

The  simplest example of a group is a set with a single element e and the product e o 
e = e. The  group with two elements e and a is obviously given by defining the product 
as: e o e = e; e o a -- a o e -- a and a o a -- e. Often it is convenient to describe the product 

rule with the help of a table. In the previous case this table is given by: e e a 
a ] a  e 

Given a set G of three elements e, a and b we can make G into a group by defining the 
group multiplication o with the following table: 

e a 

e e a 

a a b 
b b e 

(2.4) 

es-.O;a~--~ l;br--~ 2. 

The multiplication table 2.4 now becomes: 

0 
0 0 
1 1 

2 2 

1 2 

1 2 
2 0 
0 1 

The group operation is addition modulo 3 in this interpretation of the group. 
Instead of interpreting the group elements as numbers we could also give them a 

geometrical meaning. For this purpose we define the following map: 

e ~ E ; a  ~ R;b  ~ R 2 

where E is the 2 x 2 identity matrix,  R is the matr ix  

R= , / g / 2 - 1 / 2  

of 120 degree rotat ion and R 2 is the matr ix  of 240 degree rotation. In this case the group 
operation becomes the concatenation" of two rotations or, equivalently the product of two 
matrices. 

(2.5) 

Up to now we used G as a mere set of symbols. In our applications these symbols will 
always represent objects. One way to give the symbols in the last group a meaning is to 
consider the following mapping: 



2.2. ALGEBRAIC  T H E O R Y  OF GROUPS 17 

A slightly different geometric interpretation of G is the following: Consider set X con- 
sisting of the three points x, y and z with coordinates: x = (0, l/v/'3); y = ( - 1 / 2 ,  1/(2x/'13)) 
and z = (1/2, 1/(2V~)). As group elements we use the three functions e ,a ,b :  X ---+ X 
defined as: 

e(p) = p for all p E X 

a ( x )  = y; a ( y )  = z ;  a ( z )  = 

= z ;  = b ( z )  = V 

Geometrically e, a and b act again as rotations but we can also interpret them as permu- 
tations acting on the set X. The situation where X is an ordinary set and G is a group 
of functions f : X ---+ X will be treated extensively in the following. 

The following examples introduce groups that  will be studied in detail in the following 
chapters. 

E x a m p l e s  2.2 1. T h e  a d d i t i v e  g r o u p  of  rea l  n u m b e r s :  The set of real numbers 
becomes a group under the usual addition: xl o x2 = xl + x2. The identity is the 
number  zero and the inverse of x is - x .  This group will be denoted by R.  

2. T h e  a d d i t i v e  g r o u p  of  i n t ege r s :  The set of integers under the usual addition 
is a group. It is denoted by Z. 

3. T h e  m u l t i p l i c a t i v e  g r o u p  of  n o n - z e r o  rea l  n u m b e r s :  The set of the real 
numbers without the number zero is a group under the usual multiplication. The 
identity is the number one and the inverse element of x is x -1 = 1/x. This group is 
denoted by Ro. 

4. T h e  m u l t i p l i c a t i v e  g r o u p  of  p o s i t i v e  rea l  n u m b e r s :  The set of the positive 
real numbers is a group under the usual multiplication. This group is denoted by 
R+. 

5. T h e  S y m m e t r i c a l  G r o u p :  Assume X is a set consisting of N elements. A 
bijective map p : X --+ X is called a permutation of X.  The permutat ions of X 
form a group under the usual composition of functions. This group is called the 
symmetrical group and it is denoted by SN- 

6. T h e  n - d i m e n s i o n a l  space :  The set of all n -d imens iona l  vectors with real com- 
ponents is a group under the normal addition of vectors. This group will be denoted 
by R n. Note that  also the set of vectors (without the group operation) is denoted 
by R n. 

7. R o t a t i o n s  in 2-D:  The rotation R¢ is defined as the mapping R¢ : R 2 --+ 
R2; (x, y) ~-+ (x', y') where x'  and y' are defined as: 

z '  = x c o s ¢ -  y s i n ¢  (2.6) 

y' = x s i n ¢ + y c o s ¢  (2.7) 

The product R¢~ o R¢1 is the rotation obtained by first performing the rotation R¢1 
and then the rotation R¢~. We find that  R¢1+¢ ~ = R¢~ o R¢~. It is easy to see that  
these rotations define a group under the usual composition of mappings. This group 
is denoted by SO(2). 
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8. C o m p l e x  N u m b e r s :  The complex numbers under addition and the non-zero 
complex numbers under multiplication form groups. These groups are denoted by 
C and Co respectively. The unit circle, i.e. the set C = {z : Izl = 1} forms a group 
under complex multiplication. 

9. T h e  o p e n  i n t e r v a l  [0,a): The open interval is a group under addition modulo a. 

10. T h e  gene ra l  l i nea r  g roup :  The set of complex matrices of size n × n with non- 
zero determinant is a group under ordinary matrix multiplication. It is denoted by 
GL(n, C). In the same way we define GL(n, R) as the set of real n x n matrices 
with non-zero determinant.  

11. T h e  spec ia l  l i nea r  g roups :  The sets of real or complex matrices of size n × n 
with determinant 1 are groups. These groups are denoted by SL(n, R)  and SL(n, C) 
respectively. 

12. T h e  o r t h o g o n a l  g roups :  An orthogonal matrix R is an element of GL(n,R) 
that  satisfies the condition: RtR = En where R ~ is the transpose of R and E~ is 
the n × n identity matrix. The set of all orthogonal matrices defines a group under 
matrix multiplication. It is denoted by O(n). 

13. T h e  spec ia l  o r t h o g o n a l  g roups :  The set of all orthogonal matrices R E O(n) 
with det R = 1 is a group, the special orthogonal group SO(n). Note that we 
denoted both, the matrix group and the group of 2-D rotations by SO(2). This 
reflects the known property that  rotations can be described by matrices from SO(n) 
after the introduction of an appropriate coordinate system. We could also view these 
two groups as realizations of the same abstract group. 

14. T h e  u n i t a r y  g roups :  Recall that a complex matrix U is unitary if U*U = E,~ 
where U* is the transposed, conjugate complex of U. The set of all n x n unitary 
matrices forms a group under matrix multiplication. This group is denoted by U(n). 

15. 

16. 

The spec ia l  u n i t a r y  g roups :  The  set of all unitary matrices of size n × n with 
det U - 1 is also a group, the special unitary group. These groups are denoted by 
su(n). 
E u c l i d i a n  m o t i o n  g roups :  Recall that  a euclidian motion is a rotation followed 
by a translation. The euclidian motions in n-dimensional space form a group that is 
denoted by M(n). After introducing coordinates we can describe a euclidian motion 
as y = Rx ÷ T where x and y are the coordinate vectors of the original point and 
its image. Here R E SO(n) is a rotation matrix and T is a translation vector. If we 
introduce the (n + i ) -d imensional  vector ~ as ~ = ( x 1 ) then we can also write 

f / = M ~ w h e r e M i s t h e m a t r i x : M = ( R  T )  
0 1 " 

2 . 2 . 2  S u b g r o u p s  a n d  C o s e t s  

De f in i t i o n  2.24 1. A non-empty subset H of a group G is called a subgroup if glg~ 1 E 
H for all gl and g2 in H. 
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2. If H 7~ G then we say tha t  H is a proper subgroup of G. 

We find e = glg~ 1 E H and therefore also g-1 = eg-1 E H. Thus H is itself a group under 
the composition rule inherited from the larger group G. If H is a subgroup of G then we 
write H < G. 

E x a m p l e s  2 .3  1. The subset H = {e} is the smallest subgroup of a group. G is its 
largest subgroup. G and {e} axe the trivial subgroups of G. 

2. The intersection of two subgroups is a subgroup. 

3. Assume a is a fixed element of G and define H = {a'~ln E Z}. Then H is a subgroup 
of G. Such subgroups are called cyclic. The element a is called the generator of H. 

4. The set of 3-D rotations around the z-axis forms a subgroup of SO(3). 

We have the following relations between the groups introduced so far: 

T h e o r e m  2.11 1. Z < R 

2. R + < R o  

3. C < C 0  

4. SU(n) < U(n) < GL(n,C) 

5. SO(n) < O(n) < Gn(n, R) 

6. SO(n) < SU(n) 

7. O(n) < U(n) 

8. GL(n, R)  < GL(n, C) 

D e f i n i t i o n  2.25  1. Assume H is a subset of G and g is an arbi trary element of G, 
then we denote by Hg the set {hglh C H} .  Such a set is called a right coset of H. 
Left cosets are defined in like manner.  

2. An element of a coset is called a representative of the coset and by ~ we denote the 
coset which contains g. 

T h e o r e m  2.12 The group G falls into pairwise disjoint cosets of H if H < G. 

It is clear that  G is the union of all its cosets and it only remains to show that  different 
cosets are disjoint. To see this assume that  g is a common member  of the cosets Hgx 
and Hg2. Then we find that  g = hlgl = h2g2 for some elements hi, h2 E H.  If hgl is an 
arbi trary element in Hgl then we find hgl = hh~lhlgl = hhTlh2g2 = h'g2 with h' E H 
and therefore we find that  hgl is an element of Hg2 which shows that  the two cosets are 
equal. 

D e f i n i t i o n  2.26 Assume K is a subset of the group G. Then we say tha t  K generates 
G if all elements g E G have the form: g = al...an where ai E K or a~ -1 E K.  In general 
the index n is different for different elements g E G. 
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Thus a subset K generates G if all elements in G are products of elements in K or their 
inverses. 

E x a m p l e s  2.4 The  group of permutat ions of three elements $3 has six elements: 

(,23) (,23)b (,23) 
e=  1 2 3 a =  2 3 1 3 1 2 

(, 23)( ,23) 
c =  1 3 2 3 2 1 f =  2 1 3 " 

The  group operation is summarized in the following table: 

e a b c d f 
e a b c d f 
a b e f c d 
b e a d f c 
c d f e a b 
d f c b e a 
f c d a b e 

(2.s) 

The group is not commutat ive since ac # ca. The set H = {e, a, b} is a cyclic subgroup 
and the subset K = {a, c} generates Sa. 

2 . 2 . 3  N o r m a l  S u b g r o u p  a n d  C e n t e r  

D e f i n i t i o n  2.27 1. Let H be a subgroup of the group G. Consider each right coset 
Hg as a single element in the space of right cosets. The new space of cosets is called 
the factor space or the space of cosets of the subgroup H in G. It  is denoted by 
G/H. 

2. If the number  of elements in G/H is finite then we call this number the index of H 
in G and denote it by IG/HI. 

For finite groups and their subgroups we have the following relations: 

T h e o r e m  2.13 Let G be a finite group and H < G be a subgroup. Then we have: 

1. ICI = IH I  ICIHI. 
2. The order of H divides the order of G. 

3. G has only trivial subgroups if the order of G is a prime number.  

E x a m p l e s  2.5 1. Take G = R and H = Z. A representative ~ E G/H has the form: 
[1 = ga = {o~+nln E Z,0  < a < 1}. 

2. If G = Z and H is the set of all even integers then IG/HI = 2 and we can think of 
the elements of G/H as the sets of even and odd integers. 
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Normally left cosets and right cosets are different. The  subgroups for which left cosets 
and right cosets are identical are called normal: 

D e f i n i t i o n  2.28 1. Let G be a group and H < G. H is called a normal divisor or a 
normal subgroup of G if gH = Hg for all g E G. 

2. {e} and G are called the trivial normal divisors of G. All other norliml subgroups 
are called nontrivial. 

3. A group is called simple if it has only trivial normal subgroups. 

T h e o r e m  2.14 Assume H is a normal subgroup of G. On the factor space G/H we define 
the multiplication: glHg2H = (gig2)H. This definition is independent of the elements gl 
and g2 and G/H becomes a group under this operation. 

D e f i n i t i o n  2.29 The set G/H together with the multiplication defined in theorem 2.14 
is called the factor group G / H. 

E x a m p l e s  2.6 1. G = GL(n, C), H = SL(n, C). H is a normal subgroup of G. The 
map A : G/H -* C0;~ ~-* de tg  is bijective and satisfies A(fflff2) = A(~I)A(g2) for all 
j~,g2 E G/H. An element in G/H has the form ~ = {g E GL(n, C)[ de tg  = a}.  

2. G = R , H  = Z,G/H = {gala E [0,1)} with g~ = {a+nln  E Z}.  The addition in 
G/H becomes: g~l + g ~  = g[~l+~] where we defined: [al + az] = crl + a2 rood 1. 

Finally we introduce a subgroup that  describes "how commutat ive" a group is. 

D e f i n i t i o n  2.30 The center of a group is the set of all group elements that  commute 
with all group elements, it will be denoted by Z(G). 
Z(G) = {g0 E Glgog = ggo for all g E G}. 

T h e o r e m  2.15 The center Z(G) of a group has the following properties: 

1. Z(G) is a group. 

2. Z(G) is commutat ive.  

3. Z(G) is a normal subgroup of G. 

2 . 2 . 4  H o m o m o r p h i s m s  a n d  I s o m o r p h i s m s  

In this section we will discuss mappings between groups which preserve the group opera- 
tion. 

D e f i n i t i o n  2.31 1. A mapping f : G ~ G'  of a group G into a group G'  is called a 
homomorphism if it preserves the group operation, i. e.: f(glg2) = f(gl)f(g2) for 
all gl, g2 E G. 

2. A bijective homomorphism is called an isomorphism. 
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3. Two groups G and G' are called isomorphic if there is an isomorphism f : G --* G'. 
In this case we write G ~ G'. 

Two isomorphic groups are thus identical as far as their algebraic properties are concerned. 
Examples are the group of 2-D rotations, the group of all complex numbers of magnitude 
one and the group of all real, orthogonal 2 × 2 matrices. 

Given two groups G and G' and a homomorphism f between them it is easy to show 
that the set of all elements in G that are mapped to the identity element in G' forms a 
subgroup of G. We define: 

Def in i t ion  2.32 ker(f)  = {g 6 Glf(g) = e'} is called the kernel of f .  e' is in this case 
the identity in G'. 

Homomorphisms have the following properties: 

T h e o r e m  2.16 A homomorphism f has the following properties: 

1. f(e) = e' 

2. f(g-1) = f (g ) - ,  

3. ker(f) is a normal subgroup of G. 

4. f is an isomorphism if f is surjective and if ker(f) = {e}. 

The case where an isomorphism maps a group onto itself is so important that  we 
consider this case separately: 

Def in i t ion  2.33 1. An isomorphism of G onto itself is called an automorphism. 

2. The automorphisms form a group under the usual composition rule (f2fl)(g) = 
f2(fl(g)), this group is called the automorphism group of G and it is denoted by 
A(G). 

3. An automorphism of the form: f(g) = g~lggo for a fixed element go 6 G is called 
an inner automorphism. 

4. The inner automorphisms form a subgroup of A(G), the inner automorphism group 
of G. It is denoted by AI(G). 

An important example of a homomorphism is the projection from the original group onto 
a factor group. We define: 

Def in i t ion  2.34 Assume that  G is a group and H is a normal subgroup of G and G/H 
is the factor group. The mapping: p : G --~ G/H;g H Hg is called the canonical 
homomorphism or the natural mapping. 

We saw that the kernel of a homomorphism is a normal subgroup and we can therefore 
construct the factor group G/kerf. For this factor group we find the following impor- 
tant  theorem which decomposes an arbitrary homomorphism into the projection and an 
isomorphism. 

T h e o r e m  2.17 Assume f : G --~ G' is a surjective homomorphism and H = ker(f).  
Then 

i. G' ~- G/H 

2. f = gp where g is an isomorphism and p is the canonical homomorphism (see 
Figure 2.1). 



2.2. ALGEBRAIC THEORY OF GROUPS 23 

f 
G ) G" 

Figure 2.1: Factorization of a homomorphism 

2 . 2 . 5  T r a n s f o r m a t i o n  G r o u p s  

In this section we will generalize the example from page 17 where we considered permuta-  
tions and rotations that  left a triangle invariant. We considered the set of the three corner 
points of a triangle and a set of rotations that  mapped a given corner point into another 
corner point. The same concept underlies the definition of the symmetrical  group (see 
page 17 where we had a set of N elements and the group elements of SN where the bijec- 
tive mappings of this set. We generalize these examples in the concept of a t ransformation 
group. 

D e f i n i t i o n  2.35 Let X be any set. 

1. A bijective map of X is called a transformation of X.  

2. If g is a transformation then we write xg or x g instead of g(x) and we say that  g is 
a right transformation. If we write gx or gx instead of g(x) then we say that  g is a 
left transformation. 

3. Assume gl andg2 are right transformations, then we define the product of gl and g2 
as the transformation which is obtained by applying first gl and then g2. We write 
x(glg ) = (xgl)g . 

4. The  set of all transformations forms a group under the product defined above. This 
group is denoted by G(X). 

5. Any subgroup of G(X) is called a transformation group of the set X. 

6. The pair (X, G) with a set X and a transformation group G is called a space X with 
transformation group G. 

7. The  subgroup of all linear transformations of X is denoted by GL(X). 

E x a m p l e s  2.7 1. The symmetric group SN is the special t ransformation group that  
belongs to a finite set with N elements. 

2. Assume Cr is a circle with radius r around the origin and SO(2) is the group of 2- 
D rotations. The pair (Cr, SO(2)) is a space with a t ransformation group. It  is also 
easy to see that  the unit sphere and the group SO(n) form a transformation group. 
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3. Let R be the real axis and S the group of transformations defined by sx = az + b 
with a ~ 0. S is called the group of linear transformations of the line. The subgroup 
S 1 of all transformations of the form sx = x + b is called the group of translations 
of the line and the subgroup S 2 defined by sx = ax is the group of dilatations of the 
line. (R, S), (R, S 1) and (R, S 2) are transformation groups. 

4. Let H I be the complex plane together with an additional point c¢. Let F 1 be the 
set of transformations f : z ~-~ z' = f ( z )  defined as: 

{ ~+b i f z # c c a n d z # - d / c  ez+d 
z' = ~ if z = - d / c  

a ; i f z  = oo 

where a, b, c, d are arbitrary complex numbers with a d -  bc ~ O. Then (H I, F 1) form 
a space with a transformation group and F 1 is called the group o f f  factional-linear 
transformations of the plane H I . 

Two points in the space belonging to a transformation group can be regarded as similar if 
there is a transformation that maps one point onto the other. For example all points on 
a circle with a certain radius are similar with respect to the rotation group. We formalize 
this in the following definition: 

De f in i t i on  2.36 Assume (X, G) is a space X with transformation group G, assume fur- 
ther that  x is an element in X.  Then we call the set {xglg E G} an orbit or a trajectory 
relative to G. 

It is easy to see that  "being in the same orbit" defines an equivalence relation and X is 
therefore the disjoint union of orbits. 

De f in i t i on  2.37 The  space X is called transitive or homogeneous if X consists of one 
orbit. 

Homogeneous spaces are important  in our applications since we can identify points in the 
underlying space X with equivalence classes of group elements in the following way: 

Assume x0 is an arbitrary but fixed point in the space X and define the subset H C 
G as the set of all elements that  leave x0 fixed: 

H = {g E G :  x0g = x0} 

For an element g E G we define the subset H g as g- lHg  and K as K = {H g : g E G}.  
On G we define an equivalence relation by gl - g2 if they are elements of the same set 
H 9. This means that  there is a g E G and elements hi E H such that  gi = g-lhlg(i  = 
1, 2). This is obviously an equivalence relation in G and G is thus the disjunct union of 
the different elements in K. 

Now assume that  y E X. Then we can find an element gy E G such that y = xogu 
since X is homogeneous. We define the mapping i as: 

i : X ~ K ; y  ~ Hgu 

This map is well defined since y = xog = xog' implies g,g-1 E H and therefore H g = H 9' 
and it is also bijective. Another way to map X into the group G is to identify a point y E 
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X with all transformations g E G that  map x0 into y. Obviously these transformations 
are the elements of the right coset Hg~ where gy is defined as above. Consequently we 
can identify the space X (on which G operates) with the factor space of all right cosets 
of H. 

In one of the simplest examples X is the unit circle and G = S0(2) .  In this case we 
identify X with SO(2) by mapping the complex number e ~ to the rotation with rotation 
angle ¢. If X is the unit sphere in 3-D space and if we select x0 as the north pole then we 
find tha t  H is the set of all 3-D rotations that  leave the north pole fixed. The elements 

in H are thus represented by matrices of the form t R 0 ~ where R E  SO (2 ) i s  a 2-D \ 0 1 / 
rotation. 

One important  example of a transformation group can be obtained by using as X the 
group G itself. This example is formulated in the next definition and theorem (see also 
definition 2.33) 

D e f i n i t i o n  2.38 1. Two elements gl and g2 in G are called conjugate if there is an 
element g E G such that g2 = g-lglg 

2. The set of all elements in G which are conjugate to one fixed element g E G is called 
a conjugacy class. 

From the definition of an inner automorphism and the definition of a conjugacy class we 
obtain immediately the following theorem: 

Theorem 2.18 1. The orbit of an element g relative to the inner automorphism group 
A~(G) is the conjugacy class of g. 

2. Define the homomorphism f : G --* A~(G); g ~ % where ag is the inner automor- 
phism ag(h) = g-lhg. Then we find that ker(f)  = Z(G). 

3. A subgroup H < G is a normal subgroup if and only if H is invariant under all 
inner automorphisms ag, g E G. 

2 . 2 . 6  D i r e c t  P r o d u c t  o f  G r o u p s  

The last concept from the elementary, algebraic theory of groups is the direct product of 
a finite number of groups which will be introduced in this section. 

D e f i n i t i o n  2.39 Assume G1, ..., Gn is a set of groups. Then G1 × ... x G~ is the set of all 
sequences {(gl, ".,g~)lg~ E G~}. We make this set product into group by defining a com- 
position rule o as (gl,---, g~)o (g~, ..., g'~) = (gigl, ..., g,g'~) where gig~ is the group operation 
defined on the group G,. We will also write (gl, .-.,g=)(g~,-..,g') instead of (gl, ...,g=) o 
(g~, ..., g'~). The cartesian product of the groups G~ together with this composition rule is 
called the direct product of the groups. The identity element is given by (el, . . ,  e~) where 
ei is the identity element in Gi. 

Theor e m 2.19 If we define the mappings 
fi  : Gi --* G1 × ... × G,~;gi ~ (el, ...,g~, ...,e,~) then we can identify Gi with a subgroup 
of the product G = G1 × ... × G,~ and we write gi instead of (el, ..., gi,---, en). With these 
notations it is easy to show that all elements g E G are of the form: g = gl---g, and that 
any two elements gj,gk E G with j ~ k satisfy gsg~ = gkgj. 
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Defini t ion 2.40 Assume G1, ..., G, are subgroups of G which satisfy the following condi- 
tions: All elements g E G are of the form g = gl,..g, with gi E Gi and they also satisfy the 
condition gjgk = gkgj if j # k. Then we say that G is the direct product of the subgroups 
G1...G,. 

2 . 2 . 7  E x e r c i s e s  

Exercise 2.10 Show the group properties for the following groups: 

1. A finite group:  The set Go = { 1 , i , - I , - i }  is a finite group under the usual 
complex multiplication. 

2. Mul t ip les  of  a fixed na tura l  number :  The set is given by {rn = nptn E Z}, 
the composition is the addition of natural numbers. This group is denoted by Z~. 

3. The  pth roo ts  of  unity:  This group consists of the numbers e 2'~k/p and the com- 
position rule is complex multiplication (k is an integer and p is a natural number). 
This group is denoted by fl~. 

4. A dynamica l  sys tem:  Assume the function f( t)  describes the state of a system 
at time t, assume further that to is a fixed constant and define the operator T as 
(Tf)(t)  = f ( t  + to). Show that the operators {T~ln e Z} form a group under the 
composition rule TaT m = T ~+m. 

Exercise  2.11 1. Show that SL(n, C) is a normal subgroup of GL(n, C). 

2. Show that GL(n, C)/SL(n,  C) and Co (i.e. the multiplicative group of non-zero 
complex numbers) are isomorphic. What is the isomorphism? 

3. Are Ro and Gi(n ,  R) /SL(n,  R) isomorphic? 

Exercise 2.12 What is SO(3)/SO(2)? 
Hint: A 3-D rotation can be described by its rotation axis and its rotation angle. 

Exercise 2.13 Prove theorem 2.15. 

Exercise  2.14 Show that the center Z(GL(n, C) is given by the matrices ~E~ where ~ E 
C and E,~ is the unit matrix in G. (Hint: Find all matrices that commute with diagonal 
matrices that have n different non-zero entries in the diagonal.) What is Z(GL(n,R))? 

Exercise  2.15 Prove the properties of a homomorphism mentioned in theorem 2.16. 

Exercise  2.16 Show that f : GL(n, C) ~ C;g ~ detg is a homomorphism. 

Exercise 2.17 Show that every group G is isomorphic to the group of all right transla- 
tions on G. 

Exercise 2.18 [0,1) together with the addition modulo I is isomorphic to the unit circle 
{e 2~I#} with complex multiplication. 
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E x e r c i s e  2.19 [0,1) together with addition modulo 1 is isomorphic to SO(2, R).  

E x e r c i s e  2.20 Assume G is a finite group with p elements, ]G[ = p with a prime number 
p. What  are the cyclic subgroups of G? 

E x e r c i s e  2.21 Define H as the set of the complex 2 × 2 matrices of the form 

1. Show that this set is a group with matrix addition. 

2. Show that the non-zero elements in H form a group under matrix multiplication. 
Is this group commutative? 

3. Show that the matrices 

(o o°) 
with a C R form a subgroup (under addition and multiplication). 

4. Show that R is the center of H under multiplication. 

5. Show that the matrices co) 
with c E C form a subgroup (under addition and multiplication). 

6. Show that 

C 2 ~ H ; ( a , b ) ~  _-~ 

is an isomorphism. 

The previous sequence of exercises shows that we have the following sequence of extensions 
of R : R C C C H. The set H together with addition and multiplication is called the 
quaternion algebra H. The theorem of Frobenius shows that C and H are essentially the 
only extensions of R. For a proof see [40]. More information on quaternions, their relation 
to other number systems and a historical background can be found in [18]. 

2.3 Topological Groups 

In this section we combine the algebraic concept of a group and the topological concept 
of continuity to define topological groups, i.e. groups in which the group operations are 
continuous maps. We will also list some of the basic properties of these groups and we 
will study some matrix groups that will play a central role in the following chapters. 
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2 . 3 . 1  T o p o l o g i c a l  G r o u p s  

We first introduce some notation: Assume U C G is a subset of G. Then we define the 
following subsets: 

U - i =  { g - ' l g  E U }  , 

goU = {goglg E W } ,  

and if U1 and U2 are subsets of G then we define U1U2 as the subset 

UIU2 = {ghlg E UI, h E U2} . 

We now define a topological group as a group with continuous group operations: 

Definit ion 2.41 A group G is called a topological group if: 

• G is a Hausdorff space and if 

• the group operation o :  G x G --* G ; ( g , h )  ~-* g o h and the inversion G -* G;g  ~-* 
g-~ are continuous maps. 

Theorem 2.20 1. The mapping f l  : g ~-* f i (g)  = g-1 is a homeomorphism. 

2. The left translations g ~* gog and the right translations g ~-* ggo are homeomor- 
phisms. 

To see the first part note that fl is continuous according to the definition and that fl "1 = 
f~. In order to show the second part we use the fact that g ~-* ggo 1 is the inverse of the 
translation g ~-* ggo. 

Examples  2.8 I. An ordinary group equipped with the discrete topology is a topo- 
logical group. 

2. The real and complex spaces l~ ~ and C ~ are additive, topological groups under their 
natural topologies. 

3. The non-zero real and the complex numbers Ro and Co are multiplicative, topolog- 
ical groups under their natural topologies. 

4. Consider G L ( n ,  R) and G L ( n ,  C) as subspaces of R ~2 and C ~2 respectively. As 
subsets they inherit the topology from the larger spaces. This topology is called 
the na tura l  topology of these groups. These groups form topological groups since 
polynomials are continuous functions. 

We continue by defining topologies on subgroups and factor groups of topological groups: 

Defini t ion 2.42 Assume H is a subgroup of a topological group G. Then we make H 
into a topological group by providing H with the topology of a subspace. An open set V 
in H is thus a subset of the form V = U rl H where U is an open subset of G. 

The factor group is given a topology by the following construction: 
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D e f i n i t i o n  2 .43  Assume G is a topological group and H is a subgroup of G. G / H  is 
the set of right cosets and p : G -+ G/H;  g ~ Hg is the natural or canonical mapping. 
Then we define a topology on G / H  as the set of  all images of open sets U C G under p. 
A subset V C G / H  is therefore open if there is an open set U C G with V = p(U). 

T h e o r e m  2.21 1. We say that  a map is open if the image of every open set is open.  
The natural  mapping p is thus open and continuous. 

2. If H is a closed subgroup of G then G/H is separated. 

3. If H is a closed, normal subgroup of G then G/H is a topological group. 

Next we have to define the mappings that  are compatible with the topological and alge- 
braical properties of groups: 

D e f i n i t i o n  2.44 Assume G and G'  are topological groups and f --~ G'  is a mapping.  
Then we say tha t  

1. f is a continuous homomorphism if f is a homomorphism and if it is continuous. 

2. f is an continuous isomorphism if f is an isomorphism and if it is continuous. 

3. f is a topological isomorphism if f is an isomorphism and if it is a homeomorphism. 

l. Two groups are called topological isomorphic if there is a topological isomorphism 
between them. 

2. A topological isomorphism f : G --* G is called a topological automorphism. 

The theorem 2.17 about  the factorization of a homomorphism now becomes: 

T h e o r e m  2.22 1. If f : G --* G' is a continuous surjective homomorphism and H = 
ker(f ) ,  then: 

• H is a closed, normal subgroup of G. 

• f = gp where g is a continuous isomorphism of G/H onto G'.  

2. If f is also open then g is a topological isomorphism. 

In the last definition of this section we define continuous vector-valued functions and 
continuous linear operators on the group. 

D e f i n i t i o n  2.45 1. Assume f :  G ~ C " ; g  ~ (fl(g),. . .  ,f~(g)) is a complex valued 
vector function then we say that  f is a continuous function if all functions fi are 
continuous. 

2. Denote the space of all linear operators on a vector space X by L(X). If X is finite 
dimensional then the elements of L(X) are described by matrices. Now assume 
that  A : G ---* L(X);  g ~ A(g) is an operator  valued function. For each g E G the 
function value A(g) is a linear operator  on a finite dimensional vector space X. Then 
we say tha t  A is a continuous operator if the mapping g ~ A(g)x is continuous for 
all x C X. 

It is easy to see that  a linear operator is continuous if and only if its matr ix  elements 
(aij)(g) are continuous, complex-valued functions in any basis e l , . . . ,  e,~ of X. 
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2.3.2 Some Matrix Groups 

In this section we derive some important properties of the matrix groups that will be most 
important in what follows. 

In section 2.2 we introduced the following matrix groups: GL(n, R),  GL(n, C), (the 
general linear groups), SL(n, R), SL(n, C), (the special linear groups), O(n), SO(n), (the 
orthogonal and special orthogonal groups) and U(n) and SU(n) (the unitary and special 
unitary groups). There we mentioned that these sets form groups under the usual matrix 
multiplication. From the definition of these groups it is also easy to see that we have the 
following subgroup relations among these groups (see also theorem 2.11): 

1. SO(n) < O(n), 

2. so(.)  < SL(., R) < GL(., R), 

3. SU(,) < U( , )  and 

4. SU(n) < SL(n, C) < GL(n, C). 

We also mentioned (see section 2.11) that SL(n, R) and SL(n, C) are normal subgroups 
of the general linear groups GL(n, R) and GL(n, C) respectively. Furthermore we saw 
that C0 and Ro (the non-zero complex and real numbers) were isomorphic to the factor 
groups GL(n, C)/SL(n, C) and GL(n,R)/SL(n,R) respectively. It can also be shown 
that the mapping 

f : GL(n, C) --* Co; g ~-* det g 

is an open, continuous isomorphism. The groups C0 and GL(n, C)/SL(n, C) are thus 
topologically isomorphic. In this section we will derive some important properties of 
these groups. 

T h e o r e m  2.23 U(n), SU(n), O(n) and SO(n) are compact groups. 

We consider only the unitary case since the compactness of the other groups can be shown 
by similar arguments: 

From elementary analysis it is known that a subset of R '~ is compact if and only if it is 
closed and bounded. From the orthogonality relations ~;'=1 utkh'~ = ~¢ we find that U(n) 
is closed since the left side of the equation is a continuous function in the variables ukl and 
the right side is a closed set. From the orthogonality we find also ~ = 1  ~;'=1 lu kl 2 = " 
and the matrices in U(n) are thus all contained in a sphere of radius n. U(n) is thus 
closed and bounded and therefore compact. SU(n) = U(n) f'l SL(n, C) is a subgroup of 
U(n) and therefore bounded. U(n) and SL(n, C) are closed from which the compactness 
of SU(n) follows. 

The full unitary (orthogonal) group consists of two components and one such compo- 
nent is the special unitary (orthogonal) group. 

T h e o r e m  2.24 1. U(n) and U(1) x SU(n) are homeomorphic. 

2. O(n) and {-1,  1} x SO(n) are homeomorphic. 
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In the unitary case the mapping is given by (det U, 0"1) ~-~ U where 0"1 is obtained from U 
by dividing the first column of U by det U. The determinant  det U is in U(1) since 1 = 
det E~ = det(U*U) = det U* det U = Idet UI 2 . In the real case we observe that  det R E 
{ - 1 ,  1} and the rest follows by a similar argument as above. 

The  group SL(2 ,  R )  is locally compact but no longer compact.  It contains, for exam- (; 0) 
ple, all matrices of the form l i t  with t E Ro. SL(2 ,  R)  contains thus a group that  

is homeomorphic to R0. But from the Heine-Borel theorem it follows easily that  this set 
is not compact  since it is not hounded. 

Let us now consider the case n = 2 in more detail. In this case we can calculate the 
form of the elements in SU(2) and S0(2) .  

T h e o r e m  2.25 1. SU(2) consists of all matrices of the form 

with complex constants a and b that  satisfy Ilall 2 + Ilbll 2 = 

2. s o ( 2 )  consists of all matrices of the form 

- y  x 

with real constants x, y and x 2 -t- y~ -- 1 

This can be seen by a direct calculation. In the S0(2 )  case the constants x and y are of 
course given by x = cos ¢ and y = sin ¢ for some angle ¢. 

From this theorem we find also that  SU(2) is topologically equivalent to the unit 
sphere in R 4 and SO(2) is topologically equivalent to the unit circle: 

T h e o r e m  2.26 1. Describe an element U in SU(2) by the matr ix  

and set a = xl  + ix2 and b = xa + ix4. 
The mapping f : SU(2) ~ R4; U ~ ( x l ,  x~, x3, x4 ) is a homeomorphism of 
SU(2) onto the unit sphere in R 4. 

2. The  mapping f : S 0 ( 2 )  --+ U(1) ;R ~ e ~¢ is an topological isomorphism. Observe 
that  U(1) is identical to the unit circle in C. 

Next we will t ry  to describe SO(3) in different ways. When we introduced S O ( n )  we 
viewed it as a subset of R ~2 that  was defined by the equations R ' R  = E~. SO(3) is 
therefore the set of all solutions of the nine equations r~rj = 4 ( 1  _< i , j  <_ 3) where 
ri is the i-th column of R and r~ is the /-th row. This is however not a very useful 
characterization. In the next theorem we will therefore characterize it with the help of 
three parameters ,  the so-called Eul6r angles: 
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T h e o r e m  2.27 1. For every rotation R E SO(3) there are three angles ~ol, ~o2 and 0 
such that  R = R(~2)R(O)R(~ol)  where R(~o) is a matr ix  of the form: 

. 

and R(O) has the form: 

sin  0 R(~o) = | sin ~ cos ~o 
0 

(i0 0) R(O) = cos 0 - sin 0 
sin 0 cos 0 

Furthermore: 0 < ~oa, ~02 < 27r and 0 < 0 < 7r. 

A rotation matr ix  R has the form: 

cos ~ol cos ~o2 -- cos 0 sin ~1 sin ~2 
R = sin ~ol cos ~o2 + cos 0 cos ~'1 sin ~ 

sin ~o2 sin 0 

- cos ~ol sin ~02 - cos 0 sin ~Ol cos ~o2 sin 0 sin ~1 
sin ~1 sin ~o~ + cos 0 cos ~ol cos ~o2 - sin 0 cos ~ol ) cos ~02 sin 0 cos 0 

Assume that  under the rotation R the axes x , y , z  go to x ' , y ' , z ' .  By l we denote the 
intersection of the xy-plane with the (x'y ')-plane. The angle between the z-axis and l is 
~ol and the angle between I and x '  is ~o2, finally the angle between the z- and the z'-axis is 
0. In the first step we ro ta te  around the z-axis so tha t  z goes to 1. Then we rotate  around 
t to move z to z'. Finally we rotate  around z' so that  x goes to x' and y to y'. 

T h e o r e m  2.28 1. A rotation R E SO(3) can be described by its axis and the rotation 
angle (The rotation axis is a space of vectors x with R z  = x).  

2. Assume 1,ei°,e -i° are the eigenvalues of R. The rotation angle of R is then given 
by cos0 = ( t r ace (R) -  1)/2. 

3. For the rotation axis v = (vx,v2,v3)  we find the ratio: 

vl : v 2 : v 3 = R 2 3 - R 3 2 : R 3 1 - R 1 3 : R 1 2 - R 2 1  

To see this let hi and vi(i = 1,2,3) be the eigenvalues and eigenvectors of R : Rvl = 
)qvi. Since R is orthogonal we find that  all eigenvalues have magnitude one: ]Xil = 1. For 
the eigenvalues we find ~1,~2~3 = d e t R  = 1. Since R is a real matrix we find that  the 
complex eigenvalues are conjugate complex. If there are complex eigenvalues (for example 
$2 and $3) then we find that  the real eigenvalue ~1 has value one. If there are only real 
eigenvalues then we find that  hi E { - 1 ,  1}. We can thus find at  least one eigenvalue 
equal to one. For this eigenvalue and the corresponding eigenvector we find v = Rv .  v 
describes the rotation axis of R. Now let ),1 = 1, ~2 = e ie, ~3 = e -ie be the eigenvalues 
with eigenvectors Vl, v2,v3. These three vectors form an orthonormal set in R 3 and we 
can go over to the new orthonormal system ul, us, u3 defined as 

~1 ~ Vl 
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u~ = (,,, + , . ,=)/~2) 

ua  = i(vl - v2)/V~2) 
In this new coordinate  system we find: 

R u  I = u 1 

Ru2 = cos Ou2 + sin Ou3 

Ru3 = - sin Ou2 + cos Ou3. 

The vector u 1 describes then the rotat ion axis and 0 the ro ta t ion angle. The  formula for 
the rota t ion angle follows from the fact tha t  the trace of the  mat r ix  is equal to the sum 
of its eigenvalues. 

The  ratio of the components  of the rota t ion axis can be found as follows: v is the 
ro ta t ion axis and therefore Rv = v. R is or thogonal  and we get R'R = En, hence v = R'v 
and therefore (R - R')v = 0 from which we get the ratio. 

Using the mapping  R ~-~ (Vl sin 0, v2 sin 0, Va sin 0, cos 0) where v = ( vl v2 v3 ) is the 
ro ta t ion axis and 0 the rotat ion angle of R we see tha t  SO(3)  can be identified with the 
unit  sphere in R 4 where ant ipodal  points are identified. 

Finally we ment ion the following theorem about  normal  subgroups of S 0 ( 3 )  : 

T h e o r e m  2.29 S 0 ( 3 )  is simple, i.e. it has only trivial normal  subgroups.  

2.3.3 Invariant Integration 

In section 2.1.3 we sketched very briefly one way to construct  a generalized Riemann 
integral in R n. In the following we need however an integral on arbi t rary  locally compact  
topological groups. In this section we will introduce such an integral. In contrast  to the 
previous generalization this t ime we will not construct  the integral. Ins tead we will list 
some of its propert ies and then we will formulate  a theorem tha t  ensures the existence of 
such an integral. 

D e f i n i t i o n  2 .46 Let X be a topological space. Then we define: 

1. The support of a real valued function f : X --* R is the closure of the set of all x E 
X where f does not vanish. We write: 

suppo r t ( f )  = {x E X l f ( x )  ¢ 0}.  

2. Co(X) is the space of all continuous, real functions on X with compact  support .  

3. Co+(X) is the subset of the non-negat ive functions in Co(X). 

4. A real-valued function on Co+(X) is called a functional. A functional  is thus a 
mapping  tha t  maps a function to a real number.  

Now we assume tha t  the space X is a locally compact  group G. We consider the trans- 
format ion of functions f on G under the group operat ion:  
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Def in i t i on  2.47 1. For a function f : G --* R and a fixed element a E G we define 
the left-translate af and the right-translate f~ as: 

aS(x) = f (ax )  I° (x)  = f ( x a )  

2. A functional I is called left-invariant, (right-invariant} if I(af) = l ( f )  ( l ( f  a) = 
l ( f ) )  for all a E G and all f E C+(G). 

3. A functional I is called non-negative if I ( f )  > 0 for all f E C +. 

4. A functional 1 is called positive-homogeneous if 1(A f )  = Al( f)  for all f E C+(G) 
and all A > 0. 

For functionals we have the following existence and uniqueness properties: 

T h e o r e m  2.30 1. Let G be a locally compact topological group. Then there exists a 
non-trivial (i.e. not identically zero), non-negative, left-invariant, positive homoge- 
neous, additive functional on C+(G). 

2. This functional is unique up to a multiplicative constant, i.e. if I and J are func- 
tionals with the above mentioned properties, then there is a constant c such that 
I ( f )  = cJ( f )  for all f E Co+(G). 

3. There is also a right-invariant functional with the same properties. 

D e f i n i t i o n  2.48 The integral constructed in the previous theorem is called the Haar 
Integral of the group. 

These invariant functionals on C+(G) can be extended to real functions in Co(G) and 
complex functions: 

T h e o r e m  2.31 1. The left and right-invariant functionals can be extended to func- 
tionals on Co(G) with the following construction: For an f E Co(G) we define the 
positive part  f+  of f as: 

f (g)  i f f (g )>_O 
f+(g) = 0 else 

In a similar way one can define f - ,  the negative part of f .  For a f E Co(G) we 
define: I ( f )  = l ( f  +) - l ( f - ) .  

2. For complex valued functions f = f~ + i f i  we define I ( f )  = I (L  ) + iI(fl). 
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2.3.4 Examples of Haar Integrals 

We will now derive Haar integrals for some important groups. First we give a general 
theorem that  describes the Haar integral with the help of the Jacobian. 

T h e o r e m  2.32 Assume that X C R '~ is an open subset of R ~ and that it satisfies the 
following conditions: 

1. Assume that there is a product o on X under which X becomes a topological group. 
We denote the function describing the product by 
f : R  ~ --* R~; (x,y)  ~-~ x o y  

2. Assume Pl is the projection to the coordinate axis: pi(xl, . . . ,x~) = x~. Then we 
assume that fi = pi o f is continuously differentiable. 

3. The Jacobians g(l~) and J(r~) of the left- and right-translations: l~(x) = f (a , x )  
and ra(X) = f (x ,  a) are constant. 

Under these conditions the left and right Haar integrals are given by the functionals: 

It(f)  = f x  f (x) ld(/~)l  -a dx 

I~(f) = / x  f(x)ta(r~)1-1 dx 

This follows directly from the chain rule. 
The following examples of Haar integrals can be computed with this theorem: 

E x a m p l e s  2.9 1. Set X = R0 and define f ( x , y )  = xy. The Jacobian is given by 
J(a) = a. The left and right Jacobian are identical. Left and the right Haar integral 
are therefore also identical and we have 

/ ~ f ( g )  dg =/R~ f (x )  

. 

. 

Now use the multiplicative complex group instead of the reals We get f(~,r/) = 
f (a  + ib, x + iy) = ~7 l = ax - by + i(ay + bx). The Jacobian is given by the matrix 

( b  a b )  and we find f°r the Haar integral: 

fC / ~  /~)o f ( x  + iy) dxdy 
o f (g )  d g =  oo x 2 + y 2  

Define X t° be the set ° fmat r ices  ( x0 Y) with a positive real number x and 

arbitrary real y. This set is a locally compact group under the usual matrix multi- 

plication. For a fixed element 1 we find 

ax bx +1 y 
( 0  ~ ) ( 0  ~ ) =  ( 0  ) 
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and 

(0 ;): (: 
and the Jacobians are 

(0  ~ ) a n d  ( 0 0 a ) "  

We get therefore I J ( / o ) l  = a 2 and I J ( r o ) t  = a. The left- and the right Haar integral 
are thus different and given by 

respectively. 
4. In the Euler angles the invariant integral on SO(3) is given by 

!f .f.f 2. /so(3) f(g) dg = 8r i  Jo ,0 ao f(~b, 0, ~b) sin OdCdOd¢ 

A derivation of the last integral can be found in [15]. 

2 . 3 . 5  E x e r c i s e s  

Exercise  2.22 Show that GL(n, R) and GL(n, C) are open sets in R n2 and C n2 respec- 
tively. 

Exercise  2.23 A neighborhood U(e) of the identity is called a symmetrical neighborhood 
if U(e) -1 = U(e). Show that every neighborhood of the identity contains a symmetrical 
neighborhood. (Hint: g s-~ g-I is a homeomorphism.) 

Exercise  2.24 Show that every neighborhood U(e) of the identity contains a neighbor- 
hood Y(e) such that V(e)Y(e) C V(e). (Hint: f(gh) = gh is continuous.) 

Exercise2.25DenotebyS(a,b) thematrix(~ 7 )  andbyR(a,b)thematrix: 

(b2 _ a2 + ~2 _ 7~)/2 

i ( - b  2 + 72 + b 2 _ a2)12 
- a ~  - 7b 

i(b 2 + a 2 _ ~ - 75)/2 
(b 2 + a 2 + ~ + 75)/2 

i (Tb-  a~) 

ab +-~ ) 
i( ab - "ab) 

- a n  

Show the the mapping f : SU(2) --+ SO(3) defined as f(S(a, b)) = n(a, b) is an open 
continuous homomorphism of SU(2) onto SO(3). Show that the kernel is given by the 
matrices E2 and -E2.  

Hint: Investigate first 

<o>" 0 o'..)) 
and 

({  cos(0/2) isin(OI2) 
f \t, isin(O/2) cos(0/2) ) )  
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E x e r c i s e  2.26 Assume V is a finite-dimensional, real vector space and ( , )  : V x V --* 
R is a bilinear map.  Define 

G = { A I A :  V ~ V, {v, w) = {Av, Aw} for all v, w E Y}.  

• Show that  G is a group. 

• Assume V = R =, H = R and { , ) is the standard scalar product.  Wha t  is G in this 
case? 

E x e r c i s e  2.27 The 2-D rotations transform circles into circles, the n-dimensional ro- 
tations map n-dimensional spheres into themselves. The  circles and spheres are thus 
invariant under the elements of SO(2) and SO(n)  respectively. 

Now consider the vector space V = R 2, H = R and the mapping 

(x, y) = xlyl  - x2y2. 

Assume further that  L is a function L : V --~ V that  leaves this mapping invariant: 
(v, w> = (Lv, Lw).  What  can be said of the invariant subspaces of L? 

(Remark: Transformations that  leave functions of the form (x, y) ,~-1 = ~ k = l  Xkyk -- Xnyn 
invariant are called Lorentz groups.) 




